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A scheme to evaluate computation fidelities within the one-way model is developed and explored to
understand the role of correlations in the quality of noisy quantum computations. The formalism is
promptly applied to many computation instances, and unveils that a higher amount of entanglement
in the noisy resource state does not necessarily imply a better computation.
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I. INTRODUCTION
Since the advent of quantum computation [1], entan-
glement, a clear-cut quantum mechanical feature, is com-
monly believed the key resource behind it. Not surpris-
ingly, the importance of correlations for quantum compu-
tations has been a much debated subject. For pure state
quantum computations certainly some entanglement is
necessary if the quantum protocol is not to be efficiently
simulated by classical means [2, 3]. However, entangle-
ment is only necessary, but not a sufficient condition for
an exponential gain of quantum computations over clas-
sical ones. There are quantum protocols that despite of
producing highly entangled states can still be efficiently
simulated classically [2, 4].
The scenario for mixed state quantum computations
is far more subtle [2]. A model for mixed state quan-
tum computation introduced in [5], in which the input
state consists of a single qubit in a pure state and all the
others in a uniform incoherent sum of classical alterna-
tives – and therefore not entangled–, offers an exponen-
tial speed-up to problems that are believed intractable
by classical computers [6]. Also, room temperature NMR
implementations of quantum information tasks [7], which
employ a rather noisy state where entanglement is known
not to be present [8], seem to still present gain over classi-
cal computations [9]. Nevertheless, in these cases, gener-
ation of entanglement during the computation itself can-
not be ruled out [6]. A definitive statement about the
influence of entanglement is thus challenging.
A clean investigation of the entanglement role in noisy
quantum computations is however possible within the
One-Way model [10]. In this model, local (projective)
measurements on a highly entangled resource state are
responsible for input preparation, the required compu-
tation and final read-out. No entanglement is created
during the computation. We have thus a clear distinc-
tion between the entanglement creation and its use as a
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resource.
Employing this model of computation we address here
still another facet of the entanglement role in noisy quan-
tum computations: How does the noise affecting the en-
tangled resource state impact on the “quality” (fidelity)
of the computation? Does a more entangled resource
state always empower better computations? Or in more
practical terms: should one always try to minimize the
influence of the environment over the entanglement such
as to maximize the fidelity of a computation? To answer
in the negative to these questions, we derive an expression
for the fidelity of any one-way computation when the re-
source state undergoes various types of decoherence. Our
results extend to noisy computations the assertion [11]
that a high entangled state is not always advantageous
for a measurement based quantum computation.
This article is organized as follows: In Sec. II, we
briefly review the one-way model for quantum computa-
tions. In Sec. III, we discuss the effects of various models
of decoherence on one-way computations, and derive the
expression for the fidelity in such cases. In Sec. IV we
apply the developed formalism to various computation
instances, showing that a higher amount of entanglement
in the noisy resource state does not necessarily imply bet-
ter computations. In particular we obtain that some in-
stances of the Deutsch-Jozsa [12] algorithm, which in the
circuit model of quantum computation generically create
entangled states [13], within the one-way framework re-
quire no entanglement for their execution. In Sec. IV D
we analyze the effects of decoherence in the ancilla-driven
quantum computation proposed in Ref. [14]. In Sec. V
we summarize our results, and draw some conclusions.
II. ONE-WAY MODEL OF QUANTUM
COMPUTATION
In the one-way model [10] all the interactions between
qubits, and local unitary transformations needed by the
protocol are exchanged by a prior entanglement in a
graph-state, and the possibility to make adaptive local
measurements. A graph-state is defined by a set of ver-
tices V, and a collection of edges E . In each vertex i sits
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2a qubit (H2) initialized in a state |+i〉 = (|0i〉+ |1i〉)/
√
2,
and an edge represents an interaction between vertices
{i, j} given by CZij = |0i〉〈0i| ⊗ 1 j + |1i〉〈1i| ⊗Zj . Here-
after {1 , X, Y, Z} will represent the usual {σ0, σ1, σ2, σ3}
Pauli matrices. The N -qubit graph state is then
|G(V,E)〉 =
∏
{i,j}∈E
CZij |+k〉⊗k∈V . (1)
Starting with a N -qubit graph state, an one-way com-
putation is carried out by measuring M qubits, and the
remaining N−M qubits encode the protocol answer. The
algorithm is then defined by a triple {θi, αi, si}, with in-
structions on the measurement basis |Msiki (θi, αi)〉 for the
i-th qubit. Here∣∣Msi0i (θi, αi)〉 = cos αi2 |0〉+ sin αi2 e−i(−1)siθi |1〉 (2)∣∣Msi1i (θi, αi)〉 = sin αi2 |0〉 − cos αi2 e−i(−1)siθi |1〉
with si ≡ si(~k) = si(k1, . . . , kM ) ∈ {0, 1} the adapta-
tion parameter that depends on the outcome kj ∈ {0, 1}
of previous measurements and implicity on the algorithm
being considered (hereafter, the notation ~x represents the
M-tuple x1, . . . , xM ). The need for adaptations stems
from the requirement of turning every computation de-
terministic, despite of the intrinsic randomness associ-
ated with each quantum measurement. Adaptations in-
troduce a temporal order for the measurements, and thus
classical correlations others than the already present in
the initial state. The only two instances of αi necessary
for all computations are: αi = 0 for measurements along
the z direction, and αi = pi/2 for measurements in x-y
plane (equator) of the Bloch sphere. The measurements
are non-adaptive when the basis are given by the Pauli
operators {X,Y, Z} eigenvectors, and possibly adaptive
otherwise. Lastly, the desired answer is given aside some
local unitary transformations, final by-products (BP ) of
the computation, determined by the classical outcomes ~k
of all measured qubits. These by-products can be dealt
with by classical post-processing.
Defined a computation to be performed on a graph
state |G(V,E)〉, theM qubits to be measured can be imme-
diately written in their measurement basis (adaptations
included) what explicit the answer:
|G(V,E)〉 = 1
2
M
2
∑
~k
M⊗
i=1
|Msiki (θi, αi)〉|A~k(~θ, ~α)〉, (3)
with |A~k(~θ, ~α)〉 = BP~k|A~0(~θ, ~α)〉, and |A~0(~θ, ~α)〉 the de-
sired answer without the by-products. The latter, in
turn, can be expressed as local unitaries
BP~k =
N⊗
i=N−M+1
(−1)fi,Sig(~k)Xfi,X(~k)i Zfi,Z(
~k)
i , (4)
with fSig, fX and fZ boolean functions of the outcomes
~k defined by the protocol at hands. In a noise free com-
putation, the sign boolean function fSig only introduces
a global phase on each answer, and it is then of no im-
portance. However, under the action of the environment,
some of the answers will be mixed, and this phase turns
a relative one. As such, it cannot be neglected. It is im-
portant to notice that out of 2M possible measurement
outcomes in a given protocol, only 4N−M of them pos-
sibly lead to different answers (modulo a global phase),
meaning that in general many of answers are the same.
III. FIDELITY OF NOISY ONE-WAY
QUANTUM COMPUTATIONS
Once hardware (graph state) and algorithm (measure-
ment basis + possible adaptations) are defined, we want
to gauge how does the quality of a computation decay due
to different noisy environments, and how this is related
to the decay of the initial entanglement resource.
The standard measure for the computation quality is
the output fidelity F [1, 15–20]. This measure compares
the desired state, |Ψout〉, with the actually obtained one,
%out, returning F(|Ψout〉, %out) := 〈Ψout|%out|Ψout〉. The
fidelity measure is also used to define the error threshold
for quantum computations [21].
In what follows, we consider that each qubit of the
initial graph state is individually coupled to its own en-
vironment. A great variety of single qubit open dynamics
are encompassed by the map
Λk( r) = 3∑
j=0
λkj (t)σj rσj + µk(t) [ σ3 rσ0 + σ0 rσ3−iσ1 rσ2 + iσ2 rσ1
]
(5)
with λk0(t) =
(
1 + 2e−Ckt + e−Bkt
)
/4, λk1(t) = λ
k
2(t) =(
1− e−Bkt) /4, λk3(t) = (1− 2e−Ckt + e−Bkt) /4, and
µk(t) = (2Sk− 1)
(
1− e−Bkt) /4. For the k-th qubit, the
parameters Bk and Ck are, respectively, the decay rate
of inversion and polarization, and Sk ∈ [0, 1] depends on
the temperature of the bath [22].
The decohered state after time t is obtained by the
composition of the individual evolutions Λk, i.e., %(t) =
Λ(|G(V,E)〉〈G(V,E)|) := Λ1 ⊗ ... ⊗ ΛN (|G(V,E)〉〈G(V,E)|).
The assumption of mutually independent environments
is well justified whenever the separation between the ver-
tices is large enough so that collective effects need not be
taken into account.
To evaluate the computation fidelity after the noisy
evolution, we note that, once defined a measurement ba-
sis, only the diagonal terms in such basis are relevant to
the measurement outcome. The action of the channel (5)
on a general measurement basis term |Mki〉
〈
Mk′i
∣∣ is such
that non-diagonal (ki 6= k′i) terms are mapped onto non-
diagonal terms, while diagonal (ki = k
′
i) terms evolve
as
|Mki〉 〈Mki | 7→ (1− pi) |Mki〉 〈Mki |+ pi |Mki⊕1〉 〈Mki⊕1|
+off diagonal terms;
(6)
3where henceforth we use a simplified notation whenever
ambiguities are not possible.
In the equation above, pi is a function of time, and of
the parameters describing the channel (5). In the case of
a measurement in x-y plane
pxyi = λ
i
1(t) + λ
i
3(t), (7)
and for a measurement on the z direction it reads
pzi = 2λ
i
1(t) + (−1)ki+12µi(t). (8)
As an example, consider the following two particular
noise instances (which will be used later):
i) phase-flip error (pf) – with a probability ppf/2 the
state |0〉 + |1〉 is mapped onto |0〉 − |1〉 and vice versa.
This is obtained by setting Bi = 0 and Ci = 2Γpf in
(5). Accordingly, the state evolution maps %i 7→ (1 −
ppf/2)%i + ppf(Z%iZ)/2, with ppf = [1 − exp(−2Γpf t)].
The impact of the decoherence on the measurement basis
is then given by (7) and (8)
pxyi,pf = ppf/2,
pzi,pf = 0. (9)
ii) white noise (w) – add to the previous case the possibil-
ity of errors into the other independent directions x and
y. This amounts to exchange the initial state with a max-
imally mixed one with probability pw. This is described
by setting Si = 1/2 and Bi = Ci = 4Γw in (5). Under
this dynamics, the state evolves to (1 − pw)%i + pw1 /2,
with pw = 1− exp(−4Γwt). In this case, we have
pxyi,w = p
z
i,w = pw/2. (10)
It is important to notice that depending on the re-
quired measurement by an algorithm, some noisy maps
might have no effect, and the corresponding measure-
ment outcomes are thus not disturbed. This feature will
be further exploited in section III A.
Note also that these decoherence processes can be in-
terpreted as if the performed measurement was not per-
fect, being unable to distinguish between the two possible
outcomes with probability pi.
Now we are set to evaluate the fidelity of any one-way
noisy quantum computation. Given a result ~r for the
measurements, we want to determine F(|A~r(~θ, ~α)〉, %~r),
with %~r the (N −M) qubit state encoding the noisy pro-
tocol answer. We are thus interested on the projection
of Λ(|G(V,E)〉〈G(V,E)|) onto
⊗M
i=1 |Msi(~r)ri 〉〈Msi(~r)ri |.
However, since 〈Msi(~r)ri |Msi(
~k)
ki
〉 6= 0 in general, we first note that
|Msi(~k)ki 〉 =
1
2
{
[1 + (−1)kie−2iθi.(si(~k)⊕si(~r))]|Msi(~r)0i 〉+ [1− (−1)kie−2iθi.(si(
~k)⊕si(~r))]|Msi(~r)1i 〉
}
, (11)
and therefore, the state in (3) can be rewritten as:
|G〉 = 1
2
3M
2
∑
~k
M⊗
i=1
{
[1 + (−1)kie−2iθi.(si(~k)⊕si(~r))]|Msi(~r)0i 〉+ [1− (−1)kie−2iθi.(si(
~k)⊕si(~r))]|Msi(~r)1i 〉
}
|A~k〉. (12)
In the last two expressions above we used that when the measure is in the z direction there is no adaptation, i.e.,
si = 0.
Due to the noise, the components |Msi(~r)0i 〉〈M
si(~r)
0i
| and |Msi(~r)1i 〉〈M
si(~r)
1i
| mix according to the prescription in Eq.(6),
reducing the fidelity of the protocol. The state after the action of the noise reads:
1
23M
∑
~k,~l
M⊗
i=1

[1 + (−1)kie−2iθi.(si(~k)⊕si(~r))][1 + (−1)lie2iθi.(si(~l)⊕si(~r))]
[
(1− pi)|Msi(~r)0i 〉〈M
si(~r)
0i
|
+pi|Msi(~r)1i 〉〈M
si(~r)
1i
|
]
+[1− (−1)kie−2iθi.(si(~k)⊕si(~r))][1− (−1)lie2iθi.(si(~l)⊕si(~r))]
[
(1− pi)|Msi(~r)1i 〉〈M
si(~r)
1i
|
+pi|Msi(~r)0i 〉〈M
si(~r)
0i
|
]
+ off diagonal terms

Λ(|A~k〉〈A~l|).
(13)
The projection onto the subspace corresponding to ~r leads the remaining N −M qubits in the state:
%~r =
1
23M
1
Z~r
∑
~k,~l
M∏
i
{
(1− pi)[1 + (−1)ki+rie−2iθi.(si(~k)⊕si(~r))][1 + (−1)li+rie2iθi.(si(~l)⊕si(~r))]
+pi[1− (−1)ki+rie−2iθi.(si(~k)⊕si(~r))][1− (−1)li+rie2iθi.(si(~l)⊕si(~r))]
}
Λ(|A~k〉〈A~l|); (14)
with Z~r the probability of obtaining the outcome ~r. Note that, in the above expression, the channels acting in each
qubit can be different, and might influence the state for different time intervals. This is an important feature, for the
qubits might be of different nature, and could be measured at different times.
4We are thus in position to evaluate the computation fidelity FOneWay(~r) = 〈A~r|%~r|A~r〉 for the decohered graph
state, to get:
FOneWay(~r) = 1
23M
1
Z~r
∑
~k,~l
M∏
i
{
(1− pi)[1 + (−1)ki+rie−2iθi.(si(~k)⊕si(~r))][1 + (−1)li+rie2iθi.(si(~l)⊕si(~r))]
+pi[1− (−1)ki+rie−2iθi.(si(~k)⊕si(~r))][1− (−1)li+rie2iθi.(si(~l)⊕si(~r))]
}
A~r,~k,~l; (15)
with A~r,~k,~l = 〈A~r|Λ
(|A~k〉〈A~l|)|A~r〉.
Instead of looking for the fidelity of a particular outcome
~r of the computation, one is often more interested on the
average fidelity over all the outcomes, simply given by
FOneWay =
∑
−→r
Z−→r FOneWay (−→r ) . (16)
With this expression in hands and the results in [23],
which allow for the evaluation of noisy graph-state entan-
glement, one can compare the dynamics of entanglement
in the state used as resource with the fidelity dynamics
of any noisy one-way computation. Furthermore, from
the expression (15) one can immediately infer that the
computation fidelity shows a continuous decay in time
– as each pj is continuous function of time. That is
in clear contrast with a generic entanglement evolution,
where the amount of entanglement may vanish in finite
time [24]. As noted in [17] (considering the particular
effects of individual decoherence in a four-qubit cluster
state), the finite time disentanglement does not cause
changes in the behaviour of the computation fidelity. En-
tanglement decay is shown here, in great generality, to
not display a one-to-one correlation with computation
quality.
A. Computations without adaptations
Computations that need no adaptations (NA) turn
out to be a very interesting subset of all possible com-
putations. If a computation requires no adaptations,
si(~k) = 0 ∀i and ∀~k, then all the outcomes happen with
the same probability, Z~r = 1/2M ∀~r. In this case,
Eq. (15) simplifies to:
FNAOneWay(~r) =
∑
~k
M∏
i
(1− pi)1⊕ki⊕ripki⊕rii A~r,~k,~k . (17)
Expression (17) shows that the overall effect of quite gen-
eral decoherence processes, as parametrized in (5), over
the non-adaptative measured qubits is to incoherently
combine all the possible noisy answers associated with
such measurements. The sign boolean function fSig in
the definition of the by-products (4) can, also in such
cases, be safely ignored.
Further simplification is possible for non-adaptative
computations when the channel acting on the answer-
qubits is given by a Pauli map Γ, obtained set-
ting µ(t)=0 in the general expression (5). In this
case Γ[BP~k|A~0〉〈A~0|BP †~k ] = BP~kΓ[|A~0〉〈A~0|]BP
†
~k
and
A~r,~k,~k = A~0,~r⊕~k,~r⊕~k, which implies that FNAOneWay(~r) =
FNAOneWay(~0). The average fidelity (16) is then the same
as the fidelity of any outcome, tremendously simplifying
its evaluation.
A greater insight on the nature of correlations neces-
sary for an one-way computation without adaptations is
possible when considering noise of the form
Λj( r) = (1− pj) r+ pjRnˆj (φj) rR†nˆj (φj) (18)
with Rnˆj (φj) = exp(−iφj nˆj · ~σ/2) a rotation around the
axis nˆj in the Bloch sphere. This map has two invari-
ant states, the eigenvectors |nˆj 0,1(φj)〉 of the rotation.
Now remember that a measurement in a certain basis
can be done directly on it, or by first applying a unitary
transformation to a convenient basis and then the mea-
surement. It stands for a simple relabelling. Therefore,
for all non-adaptive measurements (NAMs), if the noise
is of the type in (18), it is possible to find U(φj , θj , αj)
that transforms |Mkj (θj , αj)〉 → |nˆj kj (φj)〉. This per-
fectly protects the outcome probability distribution of
the NAMs, even for highly mixed resource states, as the
measurement outcomes won’t be affected. For computa-
tions in which all the N qubits are measured in a non-
adaptive fashion, this procedure protects the whole com-
putation, and the graph state can be exchanged by a
mixed state with only classical correlations. The noisy
computation without adaptations can thus be classically
simulated.
To exemplify this, consider the state in which the i-th
qubit is to be measured in the X basis, namely:
|GN 〉 = 1√
2
(|+i〉 |A+〉+ |−i〉 |A−〉) , (19)
with |A±〉 = (1/
√
2)
(
|GN−1〉 ±
⊗
j∈NiZj |GN−1〉
)
, and
Ni the neighbours of the i-th qubit. Applying a bit-flip
channel ΛXi ( r) := (1− p) r+ pX rX on the i-th qubit de-
creases the entanglement between this qubit and the rest
of the graph, while it does not affect the measurement
outcome. Therefore, since applying X on a qubit i of
a graph is equivalent to apply Z’s in all its neighbors
Ni [22], preparing the state,
1
2
( |GN 〉 〈GN |+∏j∈Ni Zj |GN 〉 〈GN |∏j∈Ni Zj)
=
1
2
(|+i〉〈+i| ⊗ |A+〉〈A+|+ |−i〉〈−i| ⊗ |A−〉〈A−|) (20)
5which only bears classical correlations between the i-th
qubit and the rest of the graph state, and is invariant
under the application of bit flip to the i-th qubit, leads
to the same probability distribution of outcomes for a
measurement of the i-th qubit on the X basis. Moreover
it generates the same answers {|A±〉}, and this procedure
can be iterated to the remaining qubits to be measured
non-adaptively.
The NAMs are related to the so-called Clifford-group
transformations part of a quantum protocol, and as
such can be simulated efficiently in a classical com-
puter [4, 10, 25]. From the framework here presented,
it is clear that the entanglement between the qubits to
be measured non-adaptively and the rest of the graph
state can be interchanged by simple classical correlations
encoded in a mixed state without compromising the com-
putation. When adaptations are necessary this scheme
cannot prevail. Adaptive measurements are thus related
to the quantum part of the computation, where some
resilient entanglement may be of use.
IV. APPLICATIONS
In the following we apply the formulae developed above
to specific examples, and compare the fidelity dynamics
of noisy one-way quantum computations to the entangle-
ment decay of the resource state. In general, a mismatch
between the two dynamics is found: higher entanglement
is not connected with higher quality computations.
A. Remote State Preparation (RSP)
Take the simplest possible one-way protocol, i.e, to
remotely prepare the single qubit state cos(φ/2)|0〉 −
i sin(φ/2)|1〉 [15]. Within the one-way model we start
with a graph state of two qubits, |G2〉 = (|00〉 +
|01〉 + |10〉 − |11〉)/2, and apply a measurement on
the first qubit as to produce the desired state on
the second one. For this task, one chooses to mea-
sure the observable with eigenvectors |Mk(θ, pi/2)〉 =[|0〉+ (−1)k exp(−iθ)|1〉] /√2, where k ∈ {0, 1} repre-
sents the two possible measurement outcomes. After
the measurement, the second qubit is left in the state
|Ψout〉 = Xk [cos(φ/2)|0〉 − i sin(φ/2)|1〉] /
√
2. Apart
from the by-product BPk = X
k, which is known, the
desired state is obtained with maximal fidelity. However,
quantum computations are prone to errors. Let’s assume,
for simplicity, a favourable scenario where only the first
qubit (the one to be measured) is subjected to noise. The
initial two-qubit state evolves then to (Λ1⊗1 )(|G2〉〈G2|).
Since no adaptations are necessary, and the assumption
that the second qubit is not under the action of an envi-
ronment, the mean fidelity for this protocol, as evaluated
by (17) reads:
FRSP = FRSP(0) = (1− p1)A0,0,0 + p1A0,1,1. (21)
FIG. 1. (Color online) RSP : Entanglement decay vs.
computation fidelity (Γw = 0.375 Γpf = Γ). A less en-
tangled state may lead to a higher computation fidelity (the
same order is obtained if the negativity [27] is used instead of
concurrence). In the white noise case, entanglement vanishes
when the fidelity reaches 2/3 (horizontal dashed line) [28].
Entanglement is thus superfluous for achieving fidelities be-
low this threshold.
FIG. 2. (Color online) RSP : Quantum discord decay
vs. computation fidelity (Γw = 0.57 Γpf = Γ
′). As for
concurrence, a state with less quantum discord may lead to a
better quality computation. Quantum discord vanishes only
asymptotically.
For the measurement is on the x-y plane then p1 = p
xy
1 .
Furthermore, A0,0,0 = |〈A0|A0〉|2 = 1, and A0,1,1 =
|〈A0|X|A0〉|2 = 0. This leads to FRSP = (1−pxy1 ), which
now depends only on the specific nature of the noise act-
ing on the first qubit.
To address the connection between computation
fidelity and entanglement, consider the two instances of
open system dynamics introduced in Sec. III:
i) phase-flip error (pf) – the state evolution maps
|G2〉〈G2| 7→ (1 − ppf/2)|G2〉〈G2| + ppf/2(Z ⊗
1 )|G2〉〈G2|(Z ⊗ 1 ), with ppf = [1 − exp(−2Γpf t)]. The
entanglement dynamics of the noisy resource state can be
inferred by its concurrence [26], CpfRSP(t) = exp(−2Γpft).
Now, applying the state preparation protocol described
above to the decohered state, the output fidelity, given
6that pxy1 = ppf/2, is FpfRSP(t) = [1 + exp(−2Γpf t)]/2.
The correlation between decreasing entanglement with
decreasing fidelity is as supposed.
ii) white noise (w) – by adding noise to the other
independent directions, the resource state evolves to
(1−pw)|G2〉〈G2|+pw1 /4, with pw = 1−exp(−4Γwt). As
before, we evaluate the entanglement dynamics via con-
currence, CwRSP(t) = max{0, [3 exp(−4Γwt) − 1]/2}. Fi-
nally, the protocol fidelity with white noise, pxy1 = pw/2,
reads: FwRSP(t) = [1 + exp(−4Γwt)]/2. Once again,
a smaller value of entanglement leads to a worst
computation.
Nevertheless, a comparison between both situations
shows unexpected behaviour (see Fig. 1): the compu-
tation fidelity is higher when the entanglement is more
fragile against disturbances. Note that even after the en-
tanglement is fully exhausted, the white noise case still
outperforms the always entangled phase-flip case. Even
in the simplest one-way protocol the entanglement is nei-
ther sufficient nor necessary signature of higher quality
for the noisy quantum computation.
In fact, this reasoning can be extended to quantum
discord, a recently proposed measure of quantum corre-
lations which does not include only entanglement [29].
This measure attracted lots of attention lately, since it
seems to pin-point efficient quantum computations even
in the apparent absence of entanglement [6]. Quantum
discord is defined as Q(%) = I(%)− C(%), where the mu-
tual quantum information:
I(%) = S(%A) + S(%B)− S(%) (22)
is a measure of total correlations, and
C(%) = sup
{Πk}
S(%A)− S(%kA|{ΠkB}) (23)
is a measure of classical correlations, with the supremum
taken over all sets of orthogonal projectors {ΠkB}. As
usual, S(%) = −Tr(% log2 %) denotes the von Neumann
entropy, and %i = Trj 6=i(%) with i, j = A,B is the partial
density matrix. For classical systems I = C, thus equiva-
lent definitions for the mutual information, resulting zero
quantum discord.
Evaluating the quantum discord, as shown in Ref. [30],
for the toy-protocol described above shows that a lower
quantum discord may lead to a higher computation fi-
delity (see Fig. 2). Also quantum discord cannot be em-
ployed to signal higher quality in a noisy quantum com-
putation scenario.
As a last possible signature of a higher quality noisy
quantum computation we may employ the measure of
non-classicality very recently proposed in [31], namely
the minimum entanglement potential (MEP ) of a given
state %A. As a result of the following activation protocol
(see [31] for details):
i) act with local unitaries UA in each sub-
system of %A,
ii) interact, through a CNOT , each sub-
system of %A with an ancilla initialized in the
state |0〉,
any non-classical state becomes entangled (for any choice
of UA) with the ancillary system A
′. The minimum en-
tanglement generated across the A : A′ split quantifies
the non-classicality of state, that is,
MEP (%A) = minUAEA:A′ (%
′
A:A′) , (24)
where %′A:A′ is the system-ancilla state generated in the
end of the activation protocol.
Choosing as a measure of entanglement the nega-
tivity [27], we can readily compute the MEP for the
resource state in the two noise scenarios above men-
tioned. In these cases we get MEP
(
Λpf/w[|G2〉〈G2|]
)
=(
1− ppf/w) =: MEP pf/wRSP . For the RSP protocol then
the relation MEP
pf/w
RSP = 2Fpf/wRSP − 1 holds, and therefore
a higher MEP implies higher computation quality. At
least in this simple example, the non-classicality of the
resource state, quantified by the minimum entanglement
potential, seems to be correlated to the quality of the
computation.
B. Primitives for Universal Quantum Computation
The basic gates for universal quantum computation
are a generic single qubit rotation (R), and a two-qubit
controlled operation, say, a controlled-not (CNOT ) gate.
How is the fidelity of these basic building blocks related
to the entanglement of their resource states?
Any U(2) rotation can be decomposed into successive
rotations over three different angles, known as the Eu-
ler angles, as R(φ1, φ2, φ3) = Rxˆ(φ3)Rzˆ(φ2)Rxˆ(φ1). Any
qubit state can be created out of any other qubit state
via this operation. Within the one-way framework this
task is implemented via adaptive measurements, in a five
qubit cluster state [10]. The measurement pattern and
required adaptations are depicted in Fig. 3 a). Given
that the input qubit was initially in the state |ψin〉, after
a execution of this protocol with outcomes ~r, the output
qubit is left on BP~r R(φ1, φ2, φ3)|ψin〉. The by-products
BP~k of this computation are defined as in (4) with:
f5,Sig(~k) = k3k2;
f5,X(~k) = k4 + k2;
f5,Z(~k) = k3 + k1.
For the CNOT gate a cluster of 15 qubits is necessary,
but no adaptations are required [10]. The measurement
pattern defining the algorithm is shown in Fig. 3 b). The
CNOT acts on two qubits, called target and control,
such that if the control is in the state |1〉〈1| the target
qubit is flipped and nothing happens otherwise, that is,
CNOTij = |0i〉〈0i| ⊗ 1 j + |1i〉〈1i| ⊗ Xj . If the initial
7FIG. 3. (Color online) Universal gates. One-way imple-
mentation of a universal set of gates. The blue qubits encode
the initial state, and the green ones the output state after
the measurements. Grey qubits represent intermediate steps
of the computation. All the measurements required are in
the xy plane (αi = pi/2), with the latitude angle θi speci-
fied for each qubit in the picture. a) Single qubit rota-
tion. A general rotation requires adaptive measurements,
which are indicated by the arrows above. These arrows are
translated into the adaptation parameter for each qubit as
s1(~k) = 0, s2(~k) = k1, s3(~k) = k2, and s4(~k) = k1 + k3. b)
Controlled-not. Despite of this be an entangling gate, it re-
quires no adaptations. This means that once the input state
is defined, it can be classically simulated (see Section III A).
control-target state in the qubits 1 and 9 is |χin〉, the
outcome state in the qubits 7 and 15, after measurements
with outcome ~r, is |χout〉 = BP~r CNOT |χin〉. The by-
products of this operation are given by setting:
f7,X(~k) = k2 + k3 + k5 + k6;
f15,X(~k) = k2 + k3 + k8 + k10 + k12 + k14;
f7,Z(~k) = k1 + k3 + k4 + k5 + k8 + k9 + k11 + 1;
f15,Z(~k) = k9 + k11 + k13.
As no adaptations are necessary for this gate, we can
ignore the boolean function fSig.
Now consider that all measured qubits, for both pro-
tocols, are under the influence of identical local envi-
ronments (pi = p). As before we consider the cases of
phase-flip and white noise. The noisy evolution of the fi-
delity for the rotation protocol, Fw/pfR , can be assessed by
expressions (15) and (16). While for the controlled-not
gate, the dynamics of Fw/pfCNOT is obtained via Eq. (17),
with no need of averaging over the possible measurement
outcomes. For the protocols do not need measurements
along the z direction, if we have pwxy = p
pf
xy, then the fi-
delity decay under the two kinds of noise is exactly the
FIG. 4. (Color online) R: Entanglement decay vs.
computation quality: Noisy rotation of the initial state
|ψin〉 = |0〉 setting φ1 = φ2 = φ3 = pi/4, when pw = ppf,
i.e., Γpf = 2Γw = Γ. In this case, FpfR = FwR , represented by
the solid black line. Nevertheless, the entanglement dynamics
differs for each noisy instance. The entanglement between the
output qubit with the remaining of the cluster, as estimated
by the negativity [27], is depicted by the dashed blue line for
the white noisy case (NwR ), and by the dot-dashed red line for
phase flip (N pfR ). A lower amount of entanglement can thus
yield a as good computation as a higher amount. Similar
result holds for the CNOT gate.
same. That is, for both noisy scenarios FpfR = FwR and
FpfCNOT = FwCNOT . This is in stark contrast to the entan-
glement decay of the resource states which will be gener-
ically different under the two noise instances. See Fig. 4
for a quantitative account of this fact. This once more
shows that entanglement dynamics is detached from the
fidelity dynamics, and as such a less entangled state can
lead to higher (or equal) quality computations.
C. Deutsch-Jozsa(DJ) algorithm
Let f : {0, 1}N 7→ {0, 1} be an unknown boolean func-
tion which can be either constant – with all entries giving
the same answer–, or balanced – with half of the entries
yielding 0 and the other half 1. What is the minimum
number of times one has to query an Oracle that imple-
ments f to discover the function’s type? Classically, in
general, one needs at least 2N−1 + 1 queries. Quantum
mechanically, a single query via the DJ algorithm is suf-
ficient [12]. In the quantum version, the Oracle applies
a unitary Uf on the N qubits of the input state plus an
auxiliary qubit (A), as follows: Uf |x〉|y〉 = |x〉|y ⊕ f(x)〉;
where x and y are the decimal representations of binary
strings. The DJ algorithm takes advantage of the super-
position principle to evaluate all the entries at once, and
can be cast as the unitary DJ = H⊗(N+1) Uf H⊗(N+1),
with H = 1/
√
2
(|0〉〈0| + |0〉〈1| + |1〉〈0| − |1〉〈1|) the
Hadamard gate. It is a simple calculation to deduce that
DJ(|0〉⊗N |1〉) leads to the outcome ~0, after measurement
of the N qubits in the computational basis, if and only
8FIG. 5. (Color online) Graph-state and measurement
pattern for the DJ protocol simulating the balanced
function Uf =
∏N−1
i=2 CZi,i+1CNOT1,A. All the qubits are
measured without adaptations, and so the entangled graph-
state can be replaced by a mixed state with only classical
correlations (see Sec. (III A)).
if f is constant. This is clearly spelled out by the state
below,
DJ(|0〉⊗N |1〉) = H⊗N+1 1
2N/2
2N−1∑
i=0
(−1)f(i) |i〉 |−〉 . (25)
If f is constant the final state gets only a global phase
(−1)f(0) in relation to the initial state (remember that
H2 = 1 ). In its noiseless implementation, the DJ is
known to generically create entanglement [13]. Note that
along all the protocol the auxiliary qubit is never entan-
gled with the N -qubit principal system. However, de-
pending on the function f that the Oracle implements,
the N -qubit system can become entangled. For a con-
stant function f the state is never entangled as can be
readily seen from (25). Despite of that, for example, the
balanced function f : {0, 1}3 → {0, 1} with truth table:
x f(x)
0 = 000 0
1 = 001 0
2 = 010 0
3 = 011 1
4 = 100 1
5 = 101 1
6 = 110 1
7 = 111 0
generates an entangled state during the execution of the
DJ protocol [32]. For three qubits this balanced func-
tion can be performed by the unitary operation Uf =
CNOT1,ACZ2,3, and can be easily generalized for N
qubits as Uf = CNOT1,A
⊗N−1
i=2 CZi,i+1. Note that the
operation Uf can be done within the one-way framework
by measurements without any adaptations (see Fig. (5)).
On the other hand, a noisy implementation of the DJ,
still within the circuit model, was analyzed in [33] and
shown to present a small but finite advantage over its
classical counterpart even for fully separable states. This
indicates that to unveil the role of the entanglement in
the mixed DJ protocol one has to split the generation
and use of entanglement. In the one-way setting the DJ
problem can be posed as follows [34]: the Oracle prepares
a graph state that allows her to implement a function f
by local measurements. She hands in to Neo (the user)
a set of input qubits, and a set of output qubits. By
encoding (through measurements) a certain value x into
the input qubits, Neo can read out f(x) in the output
qubits. As before, an appropriate choice of measurements
allows Neo to discover whether the function is constant
or balanced in a single run of the protocol.
In the example shown in Fig. (5) neither the imple-
mentation of f nor the measurements by Neo require
adaptations. It is thus possible for the Oracle to in-
terchange the NAMs in a entangled graph state with a
mixed state without any entanglement, and even though
Neo can decide whether f is constant or balanced in a
single query. To design such classically correlated state
the Oracle proceeds as follows: i) think of the original
cluster state needed to encode the desired function for
any input; ii) apply to it an hypothetical noise of the
type in (18), but protecting the measurement outcomes
by rotating the qubits to a convenient basis. In this step
the Oracle can only protect a single instance of input
states, and she does that for the H⊗N |~0〉, iii) finally, she
evaluates the stationary state of the decoherence process,
and rotates the qubits back to their original basis. The
resulting (theoretical) state can be effectively prepared
by the Oracle only by classical means, and it is ready
to be hand in to Neo. If now Neo performs the cor-
rect set of measurements on the input qubits, the out-
put qubits will encode whether the function is constant
or balanced. It is interesting to notice that despite the
fact the state bears only classical correlations, the quan-
tum possibility of measuring on different basis entails ad-
vantages over a fully classical implementation. In fact,
many boolean functions, that in a circuit model generate
entangled states, can be decomposed into combinations
of CZ’s, CNOT ’s, H’s and possible relabelling of the
qubits, transformations that can be attained within the
one-way model without adaptations. As such, they can
be simulated by a classically correlated resource state.
These ideas, therefore, extend to many algorithms, for
instance to the Simon’s [35] algorithm, as long as the
function evaluated by the Oracle does not require adap-
tations. An interesting question, that we leave open, is
to determine the fraction of boolean functions that can
be evaluated without adaptations.
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FIG. 6. (Color online) (a) Single qubit rotation. After
the interaction E = HaHri CZari between the i-th qubit
on the register and the ancilla, the latter is measured in
the 1/
√
2
(|0〉 ± eiφ |1〉) basis. As a result the transforma-
tion XkHRzˆ(φ) is applied to the qubit in the register (with k
the classical outcome of the measurement). (b) Two qubit
entangling gate. After the interaction the ancilla is mea-
sured in the basis {|0〉 , |1〉} and as a result the two qubits on
the register undergo the transformation (Xki Hi ⊗Hj)CZij
D. Ancilla-Driven Quantum Computation
The idea used in Sec. III can be readily applied to the
ancilla-driven model of quantum computation [14]. In
this model all the necessary unitary transformations to
be realized in a quantum register are done through mea-
surements in an ancillary qubit coupled to the register. A
coupling interaction given simply by E = HaHri CZari
is sufficient to allow for universal quantum computation.
The index a represents the ancilla, and ri the i-th qubit
of the quantum register. After the interaction the ancilla
is measured in the same basis (2) of the usual one-way
model (see Fig. (IV D) for details). The effects of an inac-
curate measurement (the projection direction is deviated
from the ideal one) in the fidelity of the ancilla-driven
quantum computation was analysed in [20]. There it was
shown that for a faulty measurement, the more the qubit
being coupled to the ancilla is entangled with the rest of
the qubits in the register, the smaller is the mean fidelity
of the operation. The relation is given by
F ≤ 1− SL sin2 
2
, (26)
where the entanglement is quantified by SL =
2
[
1− Tr (%2ri)], the normalized linear entropy of the re-
duced density matrix %ri , and  quantifies the angular
deviation from the ideal measurement. Here, we will de-
rive an analogous expression, but instead of an inaccurate
measurement we consider that the ancilla qubit is under-
going one of the decoherence processes described by the
map (5). In this scenario we arrive at the relation
F ≤ 1− pSL, (27)
which is fully equivalent to (26). For a given amount SL
of entanglement we can thus estimate how small should
be the decoherence parameter p such that the computa-
tion fidelity is not below a given threshold.
The derivation of (27) follows the same ideas as in
Ref. [19]. Consider the register state |ψr〉 is given by
|ψr〉 = α |0〉 |η0〉+ β |1〉 |η1〉 . (28)
After the interaction of a register-qubit with the ancilla
(initialized in |+〉) the register-ancilla state |φar〉 is given
by (see Fig. IV D a)
|φar〉 = α |0〉a |+〉 |η0〉+ β |1〉a |−〉 |η1〉 (29)
=
1√
2
(|M0〉a |A0〉+ |M1〉a |A1〉) , (30)
where |Ak〉 = α |+〉 |η0〉 + (−1)keiφβ |−〉 |η1〉. From the
results of the Sec. III we know that the effect of a map (5)
on the ancilla is to mix the answers of the computation.
It is straightforward to calculate the mean fidelity F =
Z0F(0) +Z1F(1) (with Zk the probability of measuring
|Mk〉 with a associated fidelity Fk) given by
F = 1− p (1− ξ2) , (31)
where ξ = Tr (Zk%k). Since SL ≤ 1 − [Tr (Zi%i)]2 we
immediately obtain relation (27). The same result holds
for the situation where the ancilla is coupled to two qubits
of the register state (see Fig. IV D(b)).
V. CONCLUSION
In this paper we have shown that the effect of very gen-
eral local decoherence maps on the measurement bases
employed by the one-way model is to mix the two mea-
surement directions with a certain weight p, which char-
acterizes the map. With this observation the fidelity of
any computation within the one-way model can be read-
ily obtained. This allowed us to conclude that the impact
of the noise on the entanglement in the resource state is
not generically related to loss of computation quality.
Even for the simplest one-way protocol, the remote
state preparation (Sec. IV A), a state with more entan-
glement (or discord) does not necessarily yield a higher
quality computation. In other words, robust entangle-
ment does not mean robust one-way quantum compu-
tations. Rather on the contrary, for the ancilla-driven
measurement based computation model (Sec. IV D), the
fidelity sensitivity to decoherence is bigger the higher is
the entanglement in the resource state.
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Even more surprisingly, the framework developed here
made clear that the parts of algorithms that do not re-
quire adaptations can be replaced by a classically cor-
related resource state. This implies, for example, that
some instances of the Deutsch-Josza algorithm can be
realized in the one-way paradigm without any entangle-
ment (Sec. IV C).
Thus, if entanglement (discord) cannot be assigned as
the signature of efficient noisy quantum computations,
which other quantities may assume this role? For the
RSP protocol, the amount of non-classicality in the re-
source state (quantified by the minimum entanglement
potential) seems to also point out the computation qual-
ity (Sec. IV A). We believe that would be interesting to
extend or falsify this connection between non-classicality
and computation fidelity to more general cases.
All these results show that entanglement may not be
the most important resource for the quality of noisy
quantum computations. The mere use of a quantum
logic, in a mixed state scenario, seems to entail consider-
able gain over classical computations. This has obvious
implications to experimental implementation of quantum
information processes, for it relaxes the required isolation
of the quantum system from its environment. In fact,
this can shed some light on the functioning of biological
systems, which, despite of being strongly influenced by
the surroundings, are mesoscopic systems that may profit
from their quantum nature [36].
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